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Abstract
In this paper, we prove that for any given n  2, there exists a constant C(n) such that for any prime
power q > C(n), there exists a primitive normal polynomial of degree n over Fq with the first n2  coef-
ficients prescribed, where the first coefficient is nonzero. This result strengthens the asymptotic result of
the existence of primitive polynomials with the first n−12  coefficients prescribed [S.Q. Fan, W.B. Han,
p-Adic formal series and Cohen’s problem, Glasg. Math. J. 46 (2004) 47–61] in two aspects. One is that
we discuss in this paper not only the primitivity but also the normality. Another is that the number of the
prescribed coefficients increases from n−12  to n2 . The estimates of character sums over Galois rings,
the p-adic method introduced by the first two authors, and the computation technique used in [S.Q. Fan,
W.B. Han, Primitive polynomial with three coefficients prescribed, Finite Fields Appl. 10 (2004) 506–521;
D. Mills, Existence of primitive polynomials with three coefficients prescribed, J. Algebra Number Theory
Appl. 4 (2004) 1–22] are the main tools to get the above result.
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Let Fqn be a finite degree extension over finite field Fq with q = pk elements where p is a
prime number and k a positive integer. It is known that every generator of F ∗qn = Fqn \ {0}, which
is a multiplicative cyclic group, is called a primitive element. On the other hand, Fqn can also
be viewed as a vector space of dimension n over Fq . An element α ∈ Fqn is called normal if
{α,αq, . . . , αqn−1} forms a Fq -basis of Fqn . α is called a primitive normal element if it is both
primitive and normal. Let f (x) be a monic polynomial over Fq . f (x) is called a primitive normal
(primitive, normal) polynomial if it is the minimal polynomial of a primitive normal (primitive,
normal) element.
Because of the motivation of coding theory, cryptography, etc., many people studied the exis-
tence of primitive polynomials with one or several coefficients prescribed [1,2,7–11,14–16,21].
Let f (x) = xn −σ1xn−1 +· · ·+ (−1)nσn be a monic polynomial over Fq . We call σi (1 i  n)
the ith coefficient of f (x). Recently, by introducing the p-adic method, Fan and Han [8] got the
following asymptotic result.
Known result 1. For any given positive integer n  2, there exists a constant C(n) such that
when q > C(n), there exists a primitive polynomial over Fq of degree n with the first n−12 
coefficients prescribed.
On the other hand, because of many applications such as fast Fourier transformation, coding
theory and cryptography for doing computations efficiently in finite fields, primitive normal ele-
ments and primitive normal polynomials over finite fields were widely discussed [3–6,17,19,22].
In 1987, Lenstra and Schoof [19] proved that there exists a primitive normal basis of Fqn over
Fq for every prime power q and every positive integer n, which we call primitive normal basis
theorem.
After that, the existence of primitive normal polynomials with the first coefficient (trace)
prescribed was discussed [4,22]. Let α be a root of a primitive normal polynomial f (x) =
xn −σ1xn−1 +· · ·+ (−1)nσn. Then σ1 =
∑n−1
i=0 αq
i
. Since α is a normal element of Fqn over Fq ,
we must have σ1 = 0.
In some recent papers, the problem of the existence of primitive normal polynomials with
multiple coefficients prescribed was considered. The existence of primitive normal polynomi-
als with both the first coefficient (trace) and the last coefficient (norm) prescribed was dis-
cussed [5,6,17], where the estimates of character sums over finite fields played an important
role since the additive and multiplicative characters over finite field can be used to charac-
terize an element with specified norm and trace. Naturally, we will ask the following two
questions about the existence of primitive normal polynomials with multiple coefficients pre-
scribed.
Question 1. Let q be a prime power and n  4 a positive integer. For any given elements
a, b ∈ Fq , a = 0, whether there exists a primitive normal polynomial f (x) = xn − σ1xn−1 +
· · · + (−1)nσn such that σ1 = a, σ2 = b.
In a recent paper [12], the authors discussed Question 1 and got that for n 7, there exists a
primitive normal polynomial with the first two coefficients prescribed, where the first coefficient
is nonzero.
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we naturally want to know how many coefficients can be prescribed at most? i.e.,
Question 2. Whether there exists a function c(n) such that there exists a primitive normal
polynomial with c(n) coefficients prescribed (σ1 = 0). If it does exist, find the optimal func-
tion c(n).
In this paper, we will investigate Question 2 and get the following main result which strengths
the Known result 1 in the following two aspects. One is that this result deals with not only
the primitivity but also the normality while the Known result 1 only discusses the primitivity.
Another is that the number of the prescribed coefficients increases from n−12  to n2 . The
first improvement is due to the successful introduction of the p-adic method to the research of
the distribution of primitive normal polynomials over finite fields [12], while the computation
technique used in [11,21] helps to obtain the second improvement.
Main result. For any given positive integer n 2, there exists a constant C(n) such that for any
prime power q > C(n), there exists a primitive normal polynomial over Fq of degree n with the
first n2  coefficients prescribed, where the first coefficient is nonzero.
Supposing that the first coefficient is nonzero, as a corollary of the main result, for any given
positive integer n  2, there exists a constant C(n) such that for any prime power q > C(n),
there exists a primitive polynomial over Fq of degree n with the first n2  coefficients prescribed,
which is an improvement of Known result 1. However, the existence of primitive polynomials
with the first n2 coefficients prescribed (n is even) is still open, especially if these coefficients are
all zero.
This paper generalized the main ideas and methods used in [12]. The introduction of the p-
adic method is similar to those in [12], with the only difference that this paper deals with the case
of p-adic number fields and the Galois rings together while Ref. [12] only deals with the case of
Galois rings.
This paper is arranged as follows. Section 2 gives some preliminaries. In Section 3, we first
give the definition of normal over p-adic number fields and Galois rings and give a characteristic
function of normal elements using some additive characters over Galois rings. Then we lift the
definition of primitive normal polynomials from finite fields to p-adic number fields and set the
one-to-one correspondence between the primitive normal polynomials over finite fields and the
lifted primitive normal polynomials over p-adic number fields, with the result that the existence
of primitive normal polynomials (over finite fields) with multiple coefficients prescribed can be
translated to the existence of lifted primitive normal polynomials (over p-adic number fields)
with corresponding coefficients prescribed. After that, with the help of a theorem [8] which
expresses the coefficients of the lifted primitive normal polynomials in terms of traces of the
powers of its roots, we finally translate the existence of lifted primitive normal polynomials with
multiple coefficients prescribed to the existence of primitive normal element solutions of some
system of trace equations over suitable Galois rings. In Section 4, with the help of the estimates
of characters sums over Galois rings, we give the conditions which decide whether the number of
primitive normal element solutions of the system of trace equations is larger than zero or not and
finally get the main result. Inspired by the computing techniques introduced in [21], we increase
the prescribed coefficients from n−1 to n.2 2
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2.1. p-Adic number fields, Galois rings and finite fields
Let p be a prime number and Qp be the completion of Q with respect to usual p-adic metric
(more details see [18]). Let Kk be the unique unramified extension of Qp of degree k and Ok be
the ring of integers of Kk . Denote the set of the Teichmüller points in Kk by
Γk =
{
ξ ∈ Kk
∣∣ ξpk = ξ}.
In fact, Ok is a local ring with unique maximal ideal Pk = pOk . For any positive integer e  1,
Galois ring Re,k is defined by Ok/peOk . In particular, we have Fq ∼= Ok/pOk ∼= Γk when e = 1.
In the next of this paper, we will identify the finite fields Fq and Fqn (considered as sets) with
Teichmüller sets Γk and Γnk , respectively.
Let e 1 be a positive integer or e = ∞. Any element α ∈ Re,k (Re,k = Ok when e = ∞) can
be written in a unique way as α =∑e−1i=0 aipi , where ai ∈ Γk . Define the canonical projective
map φ from Re,k to Γk by φ(α) = a0.
Let n 1 be an integer and τ the Frobenius map of Re,nk over Re,k given by
τ(z) =
e−1∑
i=0
a
pk
i p
i
for z =∑e−1i=0 aipi ∈ Re,nk , where ai ∈ Γnk . As we know, τ is the generator of the Galois group
of Re,nk over Re,k which is a cyclic group of order n. The trace map Tre,nk,k(·) :Re,nk → Re,k is
defined via
Tre,nk,k(x) = x + τ(x) + · · · + τn−1(x)
for x ∈ Re,nk . For simplicity, we abbreviate Tre,nk,k to Trnk,k and Tr when e = 1 and e = ∞,
respectively.
2.2. Estimates of character sums over Galois rings
Let e 1 be a positive integer and ψe,k be the canonical additive character of Re,k defined by
ψe,k(x) = e2πi Tre,k,1(x)/pe , x ∈ Re,k.
When e = 1, we abbreviate ψ1,k to ψk . For a ∈ Re,k , define ψae,k(c) = ψe,k(ac), c ∈ Re,k . It was
shown that Rˆe,k = {ψae,k | a ∈ Re,k} consists of all the additive characters of Re,k . So we have
Lemma 2.1. [7,8] Let ψe,k be the canonical additive character of Re,k and ω ∈ Re,k . For 1 
d  e,
∑
c∈Rd,k
ψce,k
(
pe−dω
)= {qd if ω = 0 mod pd ;
0 otherwise.
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Let g be a primitive element (i.e., generator) of Γ ∗nk , the canonical multiplicative character χ
can be defined by χ(gl) = e2πil/qn−1 for 0 l  qn − 2. For 0 j  qn − 2, define χj (gl) =
χ(glj ). {χj | 0  j  qn − 2} consists of all the multiplicative characters of Γ ∗nk and forms a
multiplicative cyclic group with order qn − 1. It is familiar that the order of each character χj
is a divisor of qn − 1 and for any d | qn − 1 there exist exactly ϕ(d) multiplicative characters of
Γ ∗nk with order d .
Let h(x) be a polynomial over Re,nk with h(0) = 0 and h(x) not identically 0. Let
h(x) = h0(x) + h1(x)p + · · · + he−1(x)pe−1, hi(x) ∈ Γnk[x]
be the p-adic expansion of h(x) and
hi(x) =
di∑
j=0
hi,j x
j , hi,j ∈ Γnk,
where di is the degree of hi(x). h(x) is called nondegenerate if for all 0 i  e−1, 0 j  di ,
the coefficients hi,j of hi(x) satisfy hi,j = 0 if j ≡ 0 (mod p). Define the weighted e-degree of
h(x) by De(h(x)) = max(d0pe−1, d1pe−2, . . . , de−1).
Next we give two estimates of character sums over Galois rings. When e = 1, it is just the
Weil estimates on character sums over finite fields.
Theorem 2.2. [20] Let f (x) ∈ Re,nk[x] be nondegenerate with weighted e-degree De(f (x)),
ψ a nontrivial additive character of Re,nk and χ a nontrivial multiplicative character of Γ ∗nk .
Then ∣∣∣∣ ∑
ξ∈Γnk
ψ
(
f (ξ)
)∣∣∣∣ (De(f (x))− 1)qn/2
and ∣∣∣∣ ∑
ξ∈Γ ∗nk
ψ
(
f (ξ)
)
χ(ξ)
∣∣∣∣De(f (x))qn/2.
3. Problem reduction
In the next of this paper, sometimes we will identify Ok = Re,k when e = ∞ so that we can
deal with the Galois rings Re,k and the p-adic integer ring Ok together.
Let p be the characteristic of finite fields. Recall that in Refs. [7,8], in order to deal with the
existence of primitive polynomials with the first m (m p) coefficients prescribed, the authors
need to transfer the work from finite fields to p-adic number fields and lift the primitive poly-
nomials over finite fields to p-adic number fields. In fact, the p-adic method introduced by the
first two authors is a powerful tool to deal with the case m  p. But in the above papers, the
authors only lifted the definition of primitive from the finite fields to the p-adic number fields
(or Galois rings). In order to use the p-adic method to investigate the existence of the primi-
tive normal polynomials with the first m (m p) coefficients prescribed, we first in Section 3.1
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definition of normal over finite fields and get a characteristic function of normal elements by
using the additive characters over Galois rings. After that, in Section 3.2, we lift the definition
of primitive normal polynomials over finite fields to p-adic number fields, which we call lifted
primitive normal polynomials and finally transfer the existence of primitive normal polynomials
with the first m coefficients prescribed to the existence of primitive normal element solutions of
some system of trace equations over some suitable Galois rings.
3.1. Characteristic function of normal elements
Let e be a positive integer or e = ∞. As we know, Re,nk is the nth degree ring extension of
Re,k . It is easy to check that Re,nk can be viewed as a Re,k-module. A subset {x1, x2, . . . , xm}
is called a generating set of Re,nk if for any element x ∈ Re,nk , x can be written as a linear
combination of x1, x2, . . . , xm, which means x =∑i rixi , where ri ∈ Re,k . A family of elements
x1, x2, . . . , xm of a module is said to be linearly independent if
∑m
i=1 rixi = 0 implies ri = 0 for
all i and linearly dependent otherwise, where ri ∈ Re,k . If {x1, x2, . . . , xm} is a generating set of
Re,nk which is linearly independent, it is called a set of basis of Re,nk over Re,k . Not all modules
have a set of basis but some do have. In fact, Re,nk is a free module of rank n. Let ξ be a primitive
element of Γnk , then {1, ξ, ξ2, . . . , ξn−1} is a basis of Re,nk over Re,k , which we call polynomial
basis.
Next we will give another kind of basis of Re,nk over Re,k . We first give a definition of normal
basis of Re,nk over Re,k which is a generalization of the definition of normal basis for finite fields.
Definition 3.1. Let e be a positive integer or e = ∞ and let α ∈ Re,nk . If {α, τ(α), . . . , τ n−1(α)}
forms a basis of Re,nk over Re,k , then it is called a normal basis and α is called a normal element
of Re,nk over Re,k , where τ is the Frobenius map of Re,nk over Re,k .
It is not obvious that whether there exists a normal basis of Re,nk over Re,k or not. But the
following Theorem 3.4 shows that they do.
Lemma 3.2. Let α =∑∞i=0 piξi ∈ Onk , where ξi ∈ Γnk . If α is a normal element of Onk over Ok ,
then for any positive integer e 1, αe =∑e−1i=0 piξi is a normal element of Re,nk over Re,k .
Proof. Since Re,nk is a free module of rank n over Re,k . We only need to show αe, τ (αe), . . . ,
τ n−1(αe) are linear independent over Re,k . Suppose that
a0αe + a1τ(αe) + · · · + an−1τn−1(αe) = 0 mod pe, where ai ∈ Ok,
i.e.,
a0α + a1τ(α) + · · · + an−1τn−1(α) = peh, where h ∈ Onk.
Since α is a normal element of Onk over Ok , there exists h0, h1, . . . , hn−1 ∈ Ok such that
h = h0α + h1τ(α) + · · · + hn−1τn−1(α).
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(
a0 − peh0
)
α + (a1 − peh1)τ(α) + · · · + (an−1 − pehn−1)τn−1(α) = 0,
which implies for all 0 i  n − 1, ai − pehi = 0 and thus ai = 0 mod pe. 
Lemma 3.3. Let α = ∑∞i=0 piξi ∈ Onk , where ξi ∈ Γnk . If there exists some positive integer
e  1, αe = ∑e−1i=0 piξi is a normal element of Re,nk over Re,k , then α is a normal element
of Onk over Ok .
Proof. We prove by contradiction. Suppose that
a0α + a1τ(α) + · · · + an−1τn−1(α) = 0, ai ∈ Ok, ∃ai = 0, 0 i  n − 1.
Suppose that h is the largest positive integer such that ai = 0 mod ph−1 for all i = 0,1, . . . , n−1
and there exists an al = 0 mod ph for some 0 l  n − 1. For 0 i  n − 1, let ai = ph−1bi ,
we have bl = 0 mod p and hence bl = 0 mod pe. So
ph−1
(
b0α + b1τ(α) + · · · + bn−1τn−1(α)
)= 0,
which implies
b0αe + b1τ(αe) + · · · + bn−1τn−1(αe) = 0 mod pe.
This contradicts with the fact that αe is a normal element of Re,nk over Re,k . 
From Lemmas 3.2, 3.3 we have the following theorem.
Theorem 3.4. Let α =∑∞i=0 piξi ∈ Onk , where ξi ∈ Γnk . Then for any positive integer e  1,
αe =∑e−1i=0 piξi is a normal element of Re,nk over Re,k if and only if α is a normal element of
Onk over Ok .
From Theorem 3.4 we have the following corollary.
Corollary 3.5. Let ξ ∈ Γnk . Then for any positive integer e  1, ξ is a normal element of Re,nk
over Re,k if and only if ξ is a normal element of Onk over Ok .
From Corollary 3.5 we see that there exists a normal basis of Onk (or Re,nk) over Ok (or Re,k)
because of the existence of normal elements of Fqn over Fq . Next we will give a characteristic
function of normal elements. First we need some definitions.
Definition 3.6. A τ -polynomial in Re,k[x] means a polynomial in the following form f τ (x) =
a0 + a1τ(x) + a2τ 2(x) + · · · + amτm(x). In particular, the τ -polynomials in Fq [x] are in the
form f τ (x) = a0 + a1xq + a2xq2 + · · · + amxqm .
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f τ (x) and f τ (x) the τ -polynomial of f (x).
Let e  1 be a positive integer. As we know, the group of all additive characters of Re,nk can
be written as
Rˆe,nk =
{
ψαe,nk
∣∣ψαe,nk = ψe,k(Tre,nk,k(αx)), α ∈ Re,nk}.
Consider the subset of Rˆe,nk ,
pe−1Rˆe,nk =
{
ψαe,nk
∣∣ α ∈ pe−1Re,nk} {ψeβ ∣∣ α = pe−1β, β ∈ Γnk}, (3.1)
where we denote ψp
e−1β
e,nk by ψ
e
β for simplicity.
Definition 3.7. Let ψeβ ∈ pe−1Rˆe,nk . The Re,k-order of ψeβ is defined to be the least degree monic
polynomial g(x) ∈ Fq [x] such that ψeβ(gτ (x)) = 1 for all x ∈ Re,nk .
Remark 3.8. It can be shown [12] that Definition 3.7 is well defined. On the other hand, it is easy
to verify the following: (1) g(x) does exist; (2) g(x) | xn − 1; (3) there exists ϕq(g(x)) number
of β ∈ Γnk such that the Re,k-order of ψeβ is g(x).
Furthermore, we have
Proposition 3.9. [12] Let ψeβ be defined as above, where β ∈ Γ ∗nk . We have the following:
(1) The Re,k-order of ψeβ is 1 iff β = 0.
(2) The Re,k-order of ψeβ is x − 1 iff β ∈ Γ ∗k .
Definition 3.10. Let ω ∈ Re,nk . The Re,k-order of ω, denoted by Ord(ω), is the least degree
monic polynomial f (x) over Fq such that pe−1f τ (ω) = 0 over Re,nk .
Let ω = ω0 + pω1 + · · · + pe−1ωe−1 ∈ Re,nk , ωi ∈ Γnk . From the above definition we have
Ord(ω) = Ord(ω0). It is easy to see that Ord(ω) | xn − 1.
Definition 3.11. Let ω = ω0 + pω1 + · · · + pe−1ωe−1 ∈ Re,nk , ωi ∈ Γnk , and f (x) be a monic
divisor of xn − 1 over Fq . ω is said to be f -free if f and (xn − 1)/Ord(ω) are relatively prime.
It is easy to see ξ ∈ Re,nk is normal iff ξ is (xn − 1)-free. For any monic divisor f (x) of
xn − 1 over Fq , the next theorem gives a characteristic function to decide whether an element ξ
is f -free or not.
Theorem 3.12. [12] Let f (x) be a monic divisor of xn − 1 over Fq and ξ ∈ Re,nk . Then we have
Nf (ξ) = ϕq(f )
qdegf
∑
g|f
μq(g)
ϕq(g)
∑
ψ(g)
ψ(g)(ξ) =
{
1 if ξ is f -free;
0 otherwise,
where μq , ϕq denote the Möbius function and the Euler function, respectively, for the polynomial
ring Fq [x]. ψ(g) runs through all the ϕq(g) additive characters of pe−1Rˆe,nk with Re,k-order g.
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Let f˜ (x) be a monic polynomial of degree n over Ok . f˜ (x) is called basic irreducible if
f˜ (x) mod p is an irreducible polynomial of degree n over Fq .
Definition 3.13. [7,8] Let f˜ (x) ∈ Ok[x] be a basic irreducible polynomial of degree n. f˜ (x) is
called a lifted primitive polynomial if there exists a positive integer T such that f˜ (x) | xT − 1
and the least positive integer T = qn − 1.
Let f (x) ∈ Fq [x] be a primitive polynomial of degree n. By Hensel lemma, there exists
a unique polynomial f˜ (x) ∈ Ok[x] of degree n such that f (x) ≡ f˜ (x) mod p and f˜ (x) is a
lifted primitive polynomial. On the other hand, if f˜ (x) ∈ Ok[x] is a lifted primitive polynomial
over Ok , it is easily seen that f (x) ≡ f˜ (x) mod p is a primitive polynomial over Fq . So the
primitive polynomials over Fq of degree n and the lifted primitive polynomials of degree n over
Re,k are one-to-one correspondence. In particular, when e = 1, the lifted primitive polynomials
are just the primitive polynomials over finite fields.
Let f˜ (x) be a lifted primitive polynomial of degree n over Ok , ξ be a root of f˜ (x). Then ξ is
a primitive element, that is, ξ is a generator of the cyclic multiplicative group Γ ∗nk .
The following gives a character function of primitive elements over Γ ∗nk .
Lemma 3.14. [7] Let ξ ∈ Γ ∗nk . Then we have
P(ξ) = ϕ(q
n − 1)
qn − 1
∑
d|qn−1
μ(d)
ϕ(d)
∑
χ(d)
χ(d)(ξ) =
{
1 if ξ is primitive;
0 otherwise,
where μ(d) is the Möbius function and ϕ(d) is the Euler function, χ(d) runs through all the ϕ(d)
multiplicative characters over Γ ∗nk with order d .
Definition 3.15. Let f˜ (x) be a lifted primitive polynomial of degree n over Ok , ξ be a root of
f˜ (x). We call f˜ (x) a lifted primitive normal polynomial over Ok if ξ is also a normal element
of Onk over Ok .
By Corollary 3.5, ξ ∈ Γnk is a normal element of Onk over Ok if and only if it is a normal
element of Fqn over Fq . Since the primitive polynomials over Fq and the lifted primitive poly-
nomials over Ok are one-to-one correspondence, the primitive normal polynomials over Fq of
degree n are one-to-one correspondence to the lifted primitive normal polynomials over Ok of
degree n too.
From the above discussion, we can easily transfer Question 2 to the following question.
Question 2′. Let φ be the canonical projective map from Ok to Γk . Whether there exists a func-
tion c(n) such that there exists a lifted primitive normal polynomial f (x) = xn −σ1xn−1 +· · ·+
(−1)nσn over Ok with the images of the canonical projective map of c(n) coefficients prescribed
(φ(σ1) = 0). If it does exist, find the optimal function c(n).
Next we will convert the existence of lifted primitive normal polynomials with the images of
the canonical map of the first m (0 < m < n) coefficients prescribed to the existence of primitive
normal element solutions of some system of trace equations over suitable Galois rings.
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tive polynomials and the traces of powers of its primitive root.
For 1  t, l  m, (t,p) = 1, let e(t, l) be the largest integer such that tpe(t,l)−1  l. For
brevity, we abbreviate e(t,m) to e(t).
Theorem 3.16. [8] Let f (x) = xn − σ1xn−1 + · · · + (−1)nσn be a lifted primitive polynomial
over Ok , ξ be a root of f (x) in Γnk . For 1  l < n, let l = tlpe(tl ,l)−1, where (tl, p) = 1 and
e(tl, l) 1. Suppose that for each 1 t  l, (t,p) = 1,
Tr
(
ξ t
)= dt,0 + pdt,1 + · · · + pe(t,l)−1dt,e(t,l)−1 mod pe(t,l).
Then we have
(−1)lσl ≡ g
({
dt,i
∣∣ (t,p) = 1, tpi < l})− 1
tl
· dpe(tl ,l)−1tl ,e(tl ,l)−1 mod p, (3.2)
where g(x) is a polynomial of {dt,i | (t,p) = 1, tpi < l} over Ok .
From Theorem 3.16 we can transfer the existence of primitive normal polynomials with the
first m coefficients prescribed to the existence of primitive normal element solutions of the fol-
lowing trace equations over Galois rings.
Theorem 3.17. For 1 t m, (t,p) = 1, let e(t) be the largest integer such that tpe(t)−1 m.
Suppose that the following system of trace equations
Tr
(
xt
)= dt = dt,0 + pdt,1 + · · · + pe(t)−1dt,e(t)−1 mod pe(t), for 1 t m, (t,p) = 1,
(3.3)
has a primitive normal element solution ξ ∈ Γnk for any given d1,0 ∈ Γ ∗k , dt,i ∈ Γk , where
(t,p) = 1 and 1  t  m, 0  i  e(t) − 1, 1 < tpi  m. Then there exists a lifted primitive
normal polynomial over Ok of degree n with the images of the first m coefficients under the
canonical projective map prescribed in advance, where φ(σ1) = 0.
Proof. Suppose that ξ ∈ Γnk is a primitive normal element solution of the system of Eqs. (3.3).
Let
f (x) = (x − ξ)(x − ξq) · · · (x − ξqn−1)= xn − σ1xn−1 + · · · + (−1)nσn.
Then f (x) is a lifted primitive normal polynomial over Ok of degree n. For l = 1, we have
σ1 ≡ d1,0 mod p.
Thus φ(σ1) runs through Γ ∗k whenever d1,0 runs through Γ ∗k . Suppose l  2. For any given
{dt,i | (t,p) = 1, tpi < l}, from Eq. (3.2) we have φ(σl) runs through Γk when dtl ,e(tl ,l)−1 runs
through Γk . So when d1,0 runs through Γ ∗k and {dt,i | (t,p) = 1,1 < tpi  m} runs through
Γ m−1k , {φ(σ1),φ(σ2), . . . , φ(σm)} runs through Γ ∗k × Γ m−1k , i.e., there exists a lifted primitive
normal polynomial with the images of the canonical projective map of the first m coefficients
prescribed, where φ(σ1) = 0. This finishes the proof. 
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In this section, we will estimate the number of primitive normal element solutions of
Eqs. (3.3), which we denote by Nm.
Let n = phn1, where (n1,p) = 1 and M = xn−1
xp
h−1 . We have the following lemma.
Lemma 4.1. Let ω ∈ Γ ∗nk . Then for any positive integer e 1, ω is a normal element of Onk over
Ok if and only if Tre,nk,k(ω) = 0 mod p and ω is M-free, i.e., M | Ord(ω).
Proof. From Corollary 3.5, ω is a normal element of Onk over Ok iff ω is a normal element
of Fqn over Fq . On the other hand, by Lemma 3.3 of [13], ω ∈ Γ ∗nk is a normal element of Fqn
over Fq iff Trnk,k(ω) = 0 and w is M-free over Fq , which means Tre,nk,k(ω) = 0 mod p and ω
is M-free over Re,k , i.e., M | Ord(ω) by Definitions 3.10, 3.11. This finishes the proof. 
Let e be the largest integer such that pe−1 m. Denote
Sl =
{
t
∣∣ (t,p) = 1, l is the largest integer such that tpl−1 m}
for l = 1,2, . . . , e and
S = {(ct ) ∣∣ ct ∈ Rl,k for t ∈ Sl, l = 1,2, . . . , e}.
Let W = #S . We have W = qm.
In the next of this section, it is always supposed that (t,p) = 1.
Let ψe,k,ψe,nk be the canonical additive characters of Re,k and Re,nk , respectively, where
ψe,nk = ψe,k ◦ Tre,nk,k . From Lemma 2.1, Theorem 3.12, Lemmas 3.14 and 4.1, we have
qmNm =
∑
ω∈Γ ∗nk
e∏
l=1
∏
t∈Sl
∑
ct∈Rl,k
ψe,k
(
pe−l
(
ct
(
Tr
(
ωt
)− dt)))NM(ω)P (ω)
= δ
∑
d|qn−1
∑
g|M
μ(d)
ϕ(d)
μq(g)
ϕq(g)
∑
χ(d)
∑
αg∈Γg
∑
(ct )∈S
ψe,k
(
−
e∑
l=1
pe−l
∑
t∈Sl
ctdt
)
× Λ((ct ), χ(d), αg).
In the above, χ(d) runs through all the multiplicative characters over Γ ∗nk with order d , αg runs
through the following set of ϕq(g) elements defined by
Γg =
{
αg ∈ Γnk
∣∣ψeαg is an additive character of pe−1Rˆe,nk with Re,k-order g}
and
δ = ϕ(q
n − 1)
qn − 1
ϕq(M)
qdegM
,
Λ
(
(ct ), χ
(d), αg
)= ∑
ω∈Γ ∗
ψe,nk
(
pe−1αgω +
e∑
l=1
pe−l
∑
t∈Sl
ctω
t
)
χ(d)(ω).nk
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h(x) =
e∑
l=1
pe−l
∑
t∈Sl
ct x
t .
Now we estimate Nm. Denote by ω(qn−1), Ω(M) the number of distinct prime factors of qn−1
and the number of distinct irreducible polynomials of M , respectively.
1. If (h(x), d, g) = (0,1,1), that is, ct = 0 ∈ Rl,k for t ∈ Sl and l = 1,2, . . . , e, αg = 0, then
ψe,k
(
−
e∑
l=1
pe−l
∑
t∈Sl
ctdt
)
= 1,
μ(d)
ϕ(d)
μq(g)
ϕq(g)
= 1,
and
Λ
(
(ct ), χ
(d), αg
)= qn − 1.
2. If h(x) = 0, (d, g) = (1,1), from Theorem 2.2,
∣∣Λ((ct ), χ(d), αg)∣∣=
∣∣∣∣ ∑
ω∈Γ ∗nk
ψe,nk
(
pe−1αgω
)
χ(d)(ω)
∣∣∣∣ qn/2.
Since the number of multiplicative characters of Γ ∗nk with order d is ϕ(d) and the number of
additive characters of pe−1Rˆe,nk with Re,k-order g is ϕq(g), we have
∣∣∣∣∣
∑
d|qn−1, g|M
(d,g) =(1,1)
μ(d)
ϕ(d)
μq(g)
ϕq(g)
∑
χ(d)
∑
αg∈Γg
∑
(ct )∈S
h(x)=0
ψe,k
(
−
e∑
l=1
pe−l
∑
t∈Sl
ctdt
)
Λ
(
(ct ), χ
(d), αg
)∣∣∣∣∣

(
2ω(q
n−1)+Ω(M) − 1)qn/2.
3. If h(x) = 0, i.e., there exists an element ct such that 0 = ct ∈ Rl,k for some l = 1,2, . . . , e
and some t ∈ Sl . It is easy to check that 1 ∈ Se. Let c1 = c1,0 + · · · + pe−1c1,e−1 and denote
Λ((ct ),χ
(d), αg) by Λ(c1,0, . . . , c1,e−1, (ct )t =1, χ(d), αg) for convenience.
(a) Assume c1,0 = 0. Denote
S ′ = {(ct ) ∣∣ t = 1, ct ∈ Rl,k for t ∈ Sl, l = 1,2, . . . , e}
and
Δd =
∑
αg∈Γg
∑
(ct )∈S
c =0
ψe,k
(
−
e∑
l=1
pe−l
∑
t∈Sl
ctdt
)
Λ
(
(ct ), χ
(d), αg
)
.1,0
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Δd =
∑
αg∈Γg
∑
c1,0∈Γ ∗k
∑
c1,i∈Γk
1ie−1
∑
(ct )∈S ′
ψe,k
(
−
(
c1,0d1 +
e−1∑
i=1
pic1,id1 +
e∑
l=1
pe−l
∑
t∈Sl, t =1
ctdt
))
× Λ(c1,0, . . . , c1,e−1, (ct )t =1, χ(d), αg).
Let ω∗ = c1,0ω, c∗1,i = c−11,0c1,i for 1 i  e − 1, c∗t = c−t1,0ct for all (t,p) = 1, t = 1 and α∗g =
c−11,0αg . We have w∗, c∗1,i , c∗t and α∗g run through Γ ∗nk , Γk , Rl,k (when t ∈ Sl) and Γg when w,
c1,i , ct and αg run through Γ ∗nk , Γk , Rl,k and Γg , respectively. So
Δd =
∑
α∗g∈Γg
∑
(c∗t )∈S ′
c∗1,i∈Γk, 1ie−1
∑
c1,0∈Γ ∗k
ψe,k
(
−
(
d1c1,0 +
e−1∑
i=1
pid1c
∗
1,ic1,0
+
e∑
l=1
pe−l
∑
t∈Sl , t =1
dtc
∗
t c
t
1,0
))
χ(d)
(
c−11,0
)
× Λ(1, . . . , c∗1,e−1, (c∗t )t =1, χ(d), α∗g).
Since Tre,nk,k(ω) = 0 mod p, i.e., d1 = 0 mod p, from Theorem 2.2,∣∣∣∣∣
∑
c1,0∈Γ ∗k
ψe,k
(
−
(
d1c1,0 +
e−1∑
i=1
pid1c
∗
1,ic1,0 +
e∑
l=1
pe−l
∑
t∈Sl , t =1
c∗t dt ct1,0
))
χ(d)
(
c−11,0
)∣∣∣∣∣mq1/2.
On the other hand, let
h′(x) =
e∑
l=1
pe−l
∑
t∈Sl , t =1
c∗t xt +
(
e−1∑
i=1
pic∗1,i + pe−1α∗g + 1
)
x.
It is easy to see that h′(x) = 0 when e  2. When e = 1, 1 + α∗g = 0 and αg ∈ Γ ∗nk implies
αg = −c1,0 ∈ Γ ∗k , which contradicts with g | M by Proposition 3.9. So in both cases h′(x) = 0
and thus is nondegenerate with De(h′(x))m. From Theorem 2.2,
∣∣Λ(1, . . . , c∗1,e−1, (c∗t )t =1, χ(d), α∗g)∣∣=
∣∣∣∣ ∑
ω∗∈Γ ∗nk
ψe,nk
(
h′
(
ω∗
))
χ(d)
(
ω∗
)∣∣∣∣mqn/2.
Thus∣∣∣∣∣
∑
d|qn−1, g|M
μ(d)
ϕ(d)
μq(g)
ϕq(g)
∑
χ(d)
∑
αg∈Γg
∑
(ct )∈S
c1,0 =0
ψe,k
(
−
e∑
l=1
pe−l
∑
t∈Sl
ct dt
)
Λ
(
(ct ), χ
(d), αg
)∣∣∣∣∣
 2ω(qn−1)+Ω(M)qm−1m2q n+12 .
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h′(x) = h(x) + pe−1αgx =
e∑
l=1
pe−l
∑
t∈Sl , t =1
ctx
t +
(
e−1∑
i=1
pic1,i + pe−1αg
)
x.
Since c1,e−1 +αg = 0 implies c1,e−1 = αg = 0 (Proposition 3.9), we can easily see that h′(x) = 0
if h(x) = 0. So
∣∣Λ((ct ), χ(d), αg)∣∣=
∣∣∣∣ ∑
w∈Γ ∗nk
ψe,nk
(
h′(ω)
)
χ(d)(ω)
∣∣∣∣mqn/2.
Thus
∣∣∣∣∣
∑
d|qn−1, g|M
μ(d)
ϕ(d)
μq(g)
ϕq(g)
∑
χ(d)
∑
αg∈Γg
∑
(ct )∈S
c1,0=0, h(x) =0
ψe,k
(
−
e∑
l=1
pe−l
∑
t∈Sl
ct dt
)
Λ
(
(ct ), χ
(d), αg
)∣∣∣∣∣
 2ω(qn−1)+Ω(M)
(
qm−1 − 1)mqn/2.
Combining the above we have
qmNm  δ
{(
qn − 1)− (2ω(qn−1)+Ω(M) − 1)q n2 − 2ω(qn−1)+Ω(M)
× (m2qm−1q n+12 + (qm−1 − 1)mq n2 )}. (4.1)
From Eq. (4.1) we have
Theorem 4.2. If
q
n+1
2 −m > m2 · 2ω(qn−1)+Ω(M)
(
1 + 1
m
√
q
)
, (4.2)
then there exists a primitive normal polynomial f (x) = xn − σ1xn−1 + · · · + (−1)nσn over Fq
with the first m coefficients prescribed, where σ1 = 0.
Following the method introduced by Lenstra and Schoof [19], we have the following lemma.
Lemma 4.3. For any given a, b  1, a, b ∈ R. There exists a constant C(a, b), relying on a, b
such that for any positive integer v > C(a, b), we have
v > a · bω(v),
where ω(v) is the number of distinct prime divisors of v.
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r∏
i=1
P [i] > a and P [r] > b2.
If ω(v) > 2r ,
v 
r∏
i=1
P [i] ·
ω(v)∑
i=r+1
P [i] > a · b2(ω(v)−r) = a · bω(v)+(ω(v)−2r) > a · bω(v).
Else if ω(v) 2r , let C(a, b) = a · b2r . Then
v > a · b2r  a · bω(v).
This finishes the proof. 
Theorem 4.4. For any given positive integer n  2, there exists a constant C(n) such that for
any prime power q > C(n), there exists a primitive normal polynomial over Fq of degree n with
the first n2  coefficients prescribed, where the first coefficient σ1 = 0.
Proof. Let
u =
n+1
2 − n2 
n
=
{
1/2n if n is even;
1/n if n is odd
and
a =
(⌊
n
2
⌋2
· 2n
)1/u
, b = 21/u.
From Lemma 4.3, there exists a constant C(a, b) such that if qn − 1 > C(a,b), then
qn > qn − 1 >
(⌊
n
2
⌋2
· 2n
)1/u(
21/u
)ω(qn−1)
,
i.e.,
q
n+1
2 − n2  >
⌊
n
2
⌋2
· 2n · 2ω(qn−1) 
⌊
n
2
⌋2
· 2ω(qn−1)+Ω(M)
(
1 + 1
m
√
q
)
.
The last inequality holds since Ω(M) n− 1 and 1 + 1
m
√
q
 2. From Theorem 4.2, there exists
a primitive normal polynomial over Fq with the first n2  coefficients prescribed. Since C(a, b) is
a constant only depending on n, we can choose C(n) = C(a, b)1/n. This finishes the proof. 
1044 S. Fan et al. / Finite Fields and Their Applications 13 (2007) 1029–1044Acknowledgments
The authors are indebted to the referees for their valuable comments which make the paper
simpler and clearer.
References
[1] S.D. Cohen, Primitive elements and polynomials with arbitrary trace, Discrete Math. 83 (1990) 1–7.
[2] S.D. Cohen, Primitive polynomials over small fields, in: The 7th International Conference in Finite Fields and
Applications, Toulouse, 2003, in: Lecture Notes in Comput. Sci., vol. 2948, Springer, 2004, pp. 197–214.
[3] S.D. Cohen, Gauss sums and a sieve for generators of Galois fields, Publ. Math. Debrecen 56 (2000) 293–312.
[4] S.D. Cohen, D. Hachenberger, Primitive normal bases with prescribed trace, AAECC 9 (1999) 383–403.
[5] S.D. Cohen, D. Hachenberger, Primitivity, freeness, norm and trace, Discrete Math. 214 (2000) 135–144.
[6] S.D. Cohen, S. Huczynska, Primitive free quartics with specified norm and trace, Acta Arith. 109 (2003) 359–385.
[7] S.Q. Fan, W.B. Han, p-Adic formal series and primitive polynomials over finite fields, Proc. Amer. Math. Soc. 132
(2004) 15–31.
[8] S.Q. Fan, W.B. Han, p-Adic formal series and Cohen’s problem, Glasg. Math. J. 46 (2004) 47–61.
[9] S.Q. Fan, W.B. Han, Character sums over Galois rings and primitive polynomials over finite fields, Finite Fields
Appl. 10 (2004) 36–52.
[10] S.Q. Fan, W.B. Han, Primitive polynomials over finite fields of characteristic two, AAECC 14 (2004) 381–395.
[11] S.Q. Fan, W.B. Han, Primitive polynomial with three coefficients prescribed, Finite Fields Appl. 10 (2004) 506–521.
[12] S.Q. Fan, W.B. Han, K.Q. Feng, X.Y. Zhang, Primitive normal polynomials with the first two coefficients prescribed:
A revised p-adic method, Finite Fields Appl. (2005), doi:10.1016/j.ffa.2005.10.006.
[13] D. Hachenberger, Universal generators for primary closures of Galois fields, in: D. Jungnickel, H. Niederre-
iter (Eds.), The 5th International Conference in Finite Fields and Applications, Augsburg, 1999, Springer, 2001,
pp. 208–223.
[14] W.B. Han, The coefficients of primitive polynomials over finite fields, Math. Comp. 65 (1996) 331–340.
[15] W.B. Han, On two exponential sums and their applications, Finite Fields Appl. 3 (1997) 115–130.
[16] T. Hansen, G.L. Mullen, Primitive polynomials over finite fields, Math. Comp. 59 (Suppl. S47–S50) (1992) 639–
643.
[17] S. Huczynska, S.D. Cohen, Primitive free cubics with specified norm and trace, Trans. Amer. Math. Soc. 355 (2003)
3099–3116.
[18] N. Koblitz, p-Adic Number, p-Adic Analysis and Zeta Functions, Grad. Texts in Math., vol. 58, Springer, 1984.
[19] H.W. Lenstra, R.J. Schoof, Primitive normal bases for finite fields, Math. Comp. 48 (1987) 217–231.
[20] W.-C.W. Li, Character sums over p-adic fields, J. Number Theory 74 (1999) 181–229.
[21] D. Mills, Existence of primitive polynomials with three coefficients prescribed, J. Algebra Number Theory Appl. 4
(2004) 1–22.
[22] I.H. Morgan, G.L. Mullen, Primitive normal polynomials over finite fields, Math. Comp. 63 (Suppl. S19–S23)
(1994) 759–765.
